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Abstract
We compute the Wodzicki residue of the inverse of a conformally rescaled Laplace operator
over a 4-dimensional noncommutative torus. We show that the straightforward generalization of
the Laplace-Beltrami operator to the noncommutative case is not the minimal operator.
1 Introduction
Noncommutative geometry as proposed in [2] aims to use geometric methods to study noncommutative
algebras in a similar way differential geometry is used to study spaces. One of the appealing potential
applications is its use in physics to describe the structure of space-time and fundamental interactions
at high energies. Although the construction of basic data in noncommutative geometry is equivalent
in the classical case to the standard data of Riemannian geometry [1] in the genuine noncommutative
examples this aspect has been not explored sufficiently until recently.
In a series of papers [7]-[12] a conformally rescaled metric has been proposed and studied for the
noncommutative two and four-tori. This led to the expressions of Gauss-Bonnet theorem and formulas
for the noncommutative counterpart of scalar curvature. Independently, another class of Dirac operators
and metrics with the geometric interpretation as arising from the U(1) connections on noncommutative
circle bundles has been proposed by the author and L.Dabrowski in [5]. Following this lead, a more
general type of metric on the two torus has been proposed and studied perturbatively for the two-torus
[6].
However, in all of the mentioned approaches one major assumption was made. The second term of the
heat-kernel asymptotics of the rescaled Laplace operator (or square of the Dirac operator) was identified
as a linear functional of the scalar curvature. In Riemannian geometry this is certainly true, provided
that the Laplace operator (or Dirac operator) comes from the Levi-Civita connection. In the presence
of the nontrivial torsion the term is modified and includes the integral of the square of the torsion, as
has been observed already in the early computations of Seeley-Gilkey-de Witt coefficients. As in the
∗Partially supported by NCN grant 2011/01/B/ST1/06474.
noncommutative geometry there is no implicit notion of torsion, one may wonder whether the rescaled
Laplace operators are those, which minimize the second term of the heat-kernel expansion for a fixed
metric. Additionally, in the classical case the computation of second heat kernel coefficient is closely
related to the computations of the Wodzicki residue of a certain power of the Dirac operator.
As it has been shown [12] and more generally in [15] Wodzicki residue exists also in the case of the
pseudodifferential calculus over noncommutative tori.
In this note we shall address the question of the minimal operators (using the Wodzicki residue to check
minimality) and compute the Wodzicki residue for a class of operators on the noncommutative torus.
2 Noncommutative tori and their pseudodifferential calculus
We use the usual presentation of the algebra of d-dimensional noncommutative torus as generated by d
unitary elements Ui, i = 1, . . . , d, with the relations
UjUk = e
2piiθjkUkUj ,
where 0 < θjk < 1 is real. The smooth algebra A(Tdθ) is then taken as an algebra of elements
a =
∑
β∈Zd
aβU
β, ,
where aβ is a rapidly decreasing sequence and
Uβ = Uβ1
1
· · ·Uβdd .
The natural action ofU(1)d by automorphisms, gives, in its infinitesimal form, two linearly independent
derivations on the algebra: given on the generators as:
δk(Uj) = δjkUj , (2.1)
where δjk denotes the Kronecker delta.
The canonical trace on A(Tdθ) is
t(a) = α0,
where 0 = {0, 0, . . . , 0} ∈ Zd. The trace is invariant with respect to the action of U(1)d, hence
t(δj(a)) = 0, ∀j = 1, . . . , d.
By H we denote the Hilbert space of the GNS construction with respect to the trace t on the C∗
completion of A(Tdθ) and pi the associated faithful representation. The elements of the smooth algebra
A(Tdθ) act on H as bounded operators by left multiplication, whereas the derivations δi extend to
densely defined selfadjoint operators on H with the smooth elements of the Hilbert space, A(Tdθ), in
their common domain.
2.1 Pseudodifferential operators on Tdθ
The symbol calculus defined in [4] and developed further in [3] (see also [15]) is easily generalized to
the d-dimensional case and to the operators defined above. We shall briefly review the basic definitions
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and methods used further in the note. Let us recall that a differential operator of order at most n is of
the form
P =
∑
0≤k≤n
∑
|βk|=k
aβkδ
βk ,
where ajk are assumed to be in the algebra A(Tdθ), βk ∈ Zd and:
|βk| = β1 + · · ·+ βd, δβ = δβ11 · · · δβdd .
Its symbol is:
ρ(P ) =
∑
0≤k≤n
∑
|βk|=k
aβkξ
βk ,
where
ξβ = ξβ1
1
· · · ξβdd .
On the other hand, let ρ be a symbol of order n, which is assumed to be a C∞ function from Rd
to A(Tdθ), which is homogeneous of order n, satisfying certain bounds (see [4] for details). With
every such symbol ρ there is associated an operator Pρ on a dense subset of H spanned by elements
a ∈ A(Tdθ):
Pρ(a) =
1
(2pi)d
∫
Rd×Rd
e−iσ·ξρ(ξ)ασ(a) dσdξ,
where
ασ(U
α) = eiσ·αUα, σ ∈ Rd, α ∈ Zd.
For two operators P,Q with symbols:
ρ(P ) =
∑
pαξ
α, ρ(Q) =
∑
qβξ
β ,
we use the formula, which follows directly from the same computations as in the case of classical
calculus of pseudodifferential operators:
ρ(PQ) =
∑
γ
1
γ!
∂
γ
ξ (ρ(P ))δ
γ(ρ(Q)), (2.2)
where γ! = γ1! · · · γd!.
2.2 Wodzicki Residue
In this part we shall provide an elementary proof that there exists a trace on the above defined algebra
of symbols on the d-dimensional noncommuttaive torus:
Proposition 2.1. Let ρ =
∑
j≤k ρj(ξ) be a symbol over the noncommutative torus A(Tdθ). Then the
functional:
ρ 7→
∫
Sd−1
t (ρ−d(ξ)) dξ,
is a trace over the algebra of symbols.
Let us start with a simple lemma about homogeneous functions.
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Lemma 2.2. Let f be a smooth function on Rd \ {0}, homogeneous of degree ρ. Then∫
Sd−1
∂ξif(ξ)dξ = 0,
holds for every 1 ≤ i ≤ d if and only if ρ = 1− d.
Proof. The ⇒ part is trivial, as it is sufficient to take fj(ξ) = ξj(ξ2) ρ−12 . Then:
∂i(ξ
j(ξ2)
ρ
2
−1) = δij(ξ2)
ρ−1
2 + 2
ρ− 1
2
ξjξi(ξ2)
ρ−1
2
−1,
which, when restricted to the sphere ξ2 = 1 and integrated, gives:
V (d)
(
1 + (ρ− 1)1
d
)
,
where V (d) is the volume of d−1 dimensional sphere. This vanishes only if ρ = 1−d.
Assume now that we have a homogeneous function on Rd of degree ρ, denoted f . Observe that us-
ing the freedom of the choice of coordinates we can safely assume that i = 1. Using the spherical
coordinates r, φ1, . . . , φd−1:
ξ1 = r sinφ1, ξ
2 = r cosφ1 sinφ2, . . . , ξ
d = r cosφ1 · · · cosφd−2 cosφd−1,
we know the volume form on the sphere:
ω = (sin φ1)
d−2(sinφ2)
d−3 · · · sinφd−2 dφ1 · · · dφd−1,
and we can express the partial derivative ∂
∂x1
as:
∂
∂ξ1
= cosφ1
∂
∂r
− sinφ1
r
∂
∂φ1
.
Since the function f is homogeneous in r of order α we have:
∂f
∂ξ1
= cosφ1
α
r
f − sinφ1
r
∂f
∂φ1
.
Consider now the following function in the coordinates φ1, . . . φd−1:
ω
(
∂f
∂ξ1
)
|r=1
=
(
α(sin φ1)
d−2(cosφ1)f|r=1 − (sinφ1)d−1
∂f|r=1
∂φ1
)
(sinφ2)
d−3 · · · sinφd−2 = · · ·
If α = (1−d) it could be written as:
· · · = ∂
∂φ1
(
−(sinφ1)d−1f|r=1
)
(sin φ2)
d−3 · · · (sin φd−2).
Since the integral of a function f over the sphere Sd−1 in the spherical coordinates is:∫
Sd−1
F =
∫
2pi
0
dφ1
∫ pi
0
dφ2 · · ·
∫ pi
0
dφd−1(sinφ1)
d−2(sinφ2)
d−3 · · · sinφd−2 f(φ1, . . . , φd−1),
we have that:
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∫
Sd−1
(
∂f
∂ξ1
)
|r=1
=
=
∫ pi
0
dφd−1
∫ pi
0
dφd−2 sinφd−2 · · ·
∫ pi
0
dφ2(sinφ2)
d−3
∫
2pi
0
dφ1
(
∂
∂φ1
(
−(sinφ1)d−1f|r=1
))
= 0.
Proof of Proposition 2.1. Let ρ and σ be two symbols, that is C∞ maps from Rd to A(Tdθ), which are
decomposed into the sum of homogeneous symbols:
σ =
∑
j≤S
σj, ρ =
∑
j≤R
ρj.
We shall prove that the the Wodzicki residue is a trace, that is:
Wres(ρσ) = Wres(σρ).
Using the formula for the product (2.2) we have:
(ρσ)−d =
∑
γ,j,k
|γ|+j+k=−d
1
γ!
∂
γ
ξ (ρj)δ
γ(σk),
and since derivation in ξ decreases the degree of homogeneity by 1, the sum is necessarily finite.
First we shall prove the trace property for |γ| = 0 and |γ| = 1. If |γ| = 0 we have:
t (ρjσk) = t (σkρj) ,
since t is a trace on the algebra A(Tdθ).
Next, if |γ| = 1, we have:∫
Sd−1
dξ t
(
∂ξi(ρj)δi(σk)
)
=
∫
Sd−1
dξ t
(−δi(∂ξi(ρj))σk)
=
∫
Sd−1
dξ t
(−∂ξi(δi(ρj))σk)
=
∫
Sd−1
dξ t
(
δi(ρj)∂ξi(σk)
)
=
∫
Sd−1
dξ t
(
∂ξi(σk)δi(ρj)
)
,
where we have used that t is invariant with respect to U(1) symmetry generated by δi, the fact that δi
and ∂ξi commute, then Lemma 2.2 (which we can use because the product σjρj is homogeneous of
degree 1−d), and finally the trace property of t.
For any |γ| > 1 we repeat the above argument sufficient number of times.
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3 Laplace-type operator of a conformally rescaled metric
In this section we shall fix our attention on a family of Laplace-type operators, which originate from
a conformally rescaled fixed metric on manifold. We begin with the classical situation. Let us take a
closed Riemannian manifold M of dimension d with a fixed metric tensor g. If h is a positive function
on M then we take the conformally rescaled metric to be given by:
gab → h2gab = g˜ab,
where gab is the original metric tensor.
Lemma 3.1. Let ∆ be the usual Laplace operator on M with the metric given by the metric tensor gab
and H be the Hilbert space of L2(M,g) (where the measure is taken with respect to the metric gab).
Let ∆˜ be the Laplace operator on M with the conformally rescaled metric acting on the Hilbert space
H˜ = L2(M, g˜).
Then ∆˜ is unitarily equivalent to ∆h = h
d
2 ∆˜h−
d
2 acting on H. Moreover, the operator ∆h written in
local coordinates is:
∆h = h
−2∆− 2h−3gab(∂ah)∂b + h
d
2
−2(∆h−
d
2 ).
Proof is by explicit computation.
Next we shall restrict ourselves now to the case when M is a d-dimensional torus, Td, and the metric
we begin with is a constant, flat metric.
3.1 The case of d-dimensional torus
Consider a flat d-dimensional torus, Td = (S1)d, with a constant diagonal metric gab = δab. We take
the usual system of coordinates on the torus (each circle parametrized by an angle) and from now on
we assume that ∂a are the associated derivations. Take as H0 the Hilbert space of square summable
functions with respect to the metric measure. An immediate consequence of Lemma 3.1 is:
Lemma 3.2. Let h be a positive function on the torus Tn . The following operator:
∆h =
n∑
a=1
h−
d
2 ∂a(h
d−2∂a)h
− d
2 ,
is unitarily equivalent to the Laplace operator of the conformally rescaled metric h2δab.
This formula has been generalized to the noncommutative case in dimension 4 by [10] to compute the
curvature of the conformably rescaled Laplace operator on the noncommutative four-torus. However,
even though the noncommutative generalization of the above prescription for the conformally rescaled
Laplace operator makes sense, it does not exclude the possibility that the quantity computed is not
exactly the scalar curvature. The reason for this is the existence of torsion and the possibility that the
above operator might not be torsion-free in the noncommutative generalization.
3.2 Laplace-type operators on noncommutative tori
We shall shall investigate the family of operators, which are noncommutative generalizations of the
above Laplace operator and which differ from them by terms of lower order. This guarantees that their
principal symbol is unchanged and hence using the natural (albeit naive) notion of noncommutative
metric we could say both operators determine the same metric. We begin with the following definition:
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Definition 3.3. Let us take h ∈ A(Tdθ) to be a positive element with a bounded inverse and take the
following densely defined operator on H:
∆h =
n∑
a=1
h−
d
2 δa(h
d−2δa)h
− d
2 , (3.1)
to be the Laplace operator on d-dimensional noncommutative torus.
In both cases of d = 2 and d = 4 this has been studied as the Laplace operator of the conformally
rescaled noncommutative torus.
The family which we intend to investigate now is,
Definition 3.4. A generalized family of Laplace operator for the conformally rescaled metric over the
torus has a form:
∆ = ∆h +
n∑
a=1
(
T aδa +
1
2
δa(T
a)
)
+X, (3.2)
where T a and X are some selfadjoint elements of A(Tdθ). This form could be rewritten as:
∆ = h−2
(∑
a
δ2a
)
+
∑
a
Y aδa +Φ, (3.3)
where
Y a = h
d
2
−2δa(h
− d
2 ) + h−
d
2 δa(h
d
2
−2) + T a,
and
Φ = h
d
2
−2
(∑
a
δ2a(h
− d
2 )
)
+ h−
d
2
(∑
a
δa(h
d−2)δa(h
− d
2 )
)
+
1
2
∑
a
δaT
a +X.
The above Laplace-type operator (3.3) has the following symbol:
ρ(∆) = h−2ξ2 +
∑
a
Y aξa +Φ, (3.4)
From now on, we shall work only with the symbol ρ(∆) (3.4).
4 Wodzicki Residue in dimension 4
Our aim will be to compute the Wodzicki residue of ∆− d2+k in the case of d = 4 for k = 0, 1. As the
only difficulty in considering the general case is purely computational, we postpone it for future work,
concentrating instead on the relevant case of d = 4. The significance of these computations lies in
the classical relation between Wodzicki residue of the inverse of the Laplace operator (in the sense of
pseudodifferential calculus) and the scalar of curvature in the classical case [11]. We shall see, whether
this extends to the noncommutative case. For simplicity we keep X = 0, focusing on the parameters h
and Ta.
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4.1 The symbol of ∆−2 and ∆−1
We fix here d = 4.
Lemma 4.1. The Wodzicki residue of ∆−2 depends only on h:
Wres(∆−2) = 2pi2 t(h4).
Proof. It is sufficient to observe that the symbol ρ(∆−2) starts with a homogeneous symbol of order
−4, which is exactly h4|ξ|4. Hence, computing the Wodzicki residue as in proposition (2.1) gives the
above result.
To compute the Wodzicki residue of ∆−1 we need to calculate further terms of the its symbol. Observe,
that for a differential operator of degree 2 its symbol (split into part of homogenoeus degrees) reads:
a2 + a1 + a0,
where ak is homogeneous of degree k, and its inverse (paramatrix in the pseudodifferential calculus)
is,
b = b0 + b1 + b2 + . . . ,
where each bk is homogeneous of degree −2− k and could be iteratively computed from the following
sequence of identities, which arise from comparing homogenous terms of the product ∆−1 and ∆ using
(3.4):
b0a2 = 1,
b1a2 + b0a1 + ∂k(b0)δk(a2) = 0,
b2a2 + b1a1 + b0a0 + ∂k(b0)δk(a1) + ∂k(b1)δk(a2) +
1
2
∂k∂j(b0)δkδj(a2) = 0.
(4.1)
The relations could be solved explicitely, giving:
b2 = −
(
b0a0b0 + b1a1b0 + ∂j(b0)δj(a1)b0 + ∂j(b1)δj(a2)b0 +
1
2
∂jk(b0)δjδj(a2)
)
, (4.2)
where
b1 = − (b0a1b0 + ∂k(b0)δk(a2)b0) ,
b0 = (a2)
−1,
(4.3)
To simplify the notation above and in the remaining part of the note we use the Einstein notation
(implicit summation over repeated indices).
Lemma 4.2. For the pseudodifferential operator (3.4) we have:
b2(T, h)(ξ) = |ξ|−4
(
1
4
h2Tah
2Tah
2 +
1
4
h2Taδa(h
2)
−1
4
δa(h
2)h−2δa(h
2)− 1
4
δa(h
2)Tah
2 +
1
2
δaa(h
2)
)
which leads to
Wres(∆) = 2pi2
(
t(h2Tah
2Tah
2)
+
1
4
t(h2[Ta, δa(h
2)])
−1
4
t(δa(h
2)h−2δa(h
2))
)
.
where we have used the trace property of t and its invariance with respect to the action of the deriva-
tions.
Before we pass to the interpretation of the above result, let us consider the classical limit θ = 0.
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4.2 The commutative case
We assume here that θ = 0, so h and Ta are smooth functions on a torus, which commute with each
other (and with their derivations).
Lemma 4.3. For the commutative torus the Wodzicki residue of ∆−1 is:
Wres(∆−1) = 2pi2
∫
T4
(
h6(TaTa)− δa(h)δa(h)
)
dV,
and for a fixed h the term reaches an absolute extremum if and only if Ta = 0, which has the interpre-
tation of torsion-free Laplace operator.
Observe that the classical results of Kastle and Kalau-Walze [13, 14] give (for Laplace-Beltrami oper-
ator):
Wres(∆−1) = 2pi2
∫
M
√
g
(
1
6
R
)
,
where R is the scalar curvature.
In the conformally rescaled metric the volume form and the curvature (in dimension d = 4) are:
√
g = h4, R = 6h−3δaa(h),
so we obtain the same result.
4.3 Nonminimal operators and curvature
In the classical (commutative) situation the additional first-order term in the Laplace-type operator
∆ contributes to the Wodzicki residue of ∆−1 with a term proportional to TaTa. As already noted,
for minimal operators (like Laplace-Beltrami) such term vanishes and, equivalently, one can say that
minimal operators are such Laplace-type operators, which, at the fixed metric minimize the Wodzicki
residue.
In the noncommutative case we have two terms, one which is quadratic in Ta and the second one, which
is linear in Ta and involves a commutator with δa(h2). Therefore one can clearly state the following
corollary,
Corollary 4.4. A naive generalization of Laplace-Beltrami operator for the conformally rescaled met-
ric to the noncommutative case (in dimension d = 4) as proposed in (3.1) is not a minimal operator in
the above sense (does not minimize the Wodzicki residue of ∆−1 with h fixed).
A significant consequence of this fact is that no simple identification of the scalar of curvature is
possible: indeed, if have no means of identifying minimal (or unperturbed, or torsion-free) Laplace-
type operators we cannot possibly recover the geometric invariants associated with the metric alone.
5 Conclusions and open problems
The computations aimed to show that the Wodzicki residue of the noncommutative generalization of the
Laplace-type operator on the 4-dimensional noncommutative torus with a conformally recalled metric
is a nontrivial functional on the parameters h and Ta. There are several interesting problems, which
arise that are linked to our result.
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First of all, computations of the Wodzicki residue are closely linked to heat-kernel coefficients. As the
principal symbol fails to be scalar, this is not happening for the noncommutative tori. An interesting
point is then to link the Wodzicki residue in this case to the respective heat-kernel coefficients, which
then, in turn, appear in the spectral action.
To study the geometric notions like curvature and geometric constructions like scalar curvature (at
least as a noncommutative analogue of the classical one) it is important to identify the class of minimal
Laplace-type operators. Otherwise, the functional would not only depend on the metric but also on
some additional data. Our result shows that the naive generalization of minimal operator fails to be
minimal in the noncommutative case (at least in the proposed sense).
A natural question, which arises in this context, is about a proper definition of Dirac and Laplace
operators on noncommutative tori. Even though the flat situation appears to be quite well understood,
even a slight deviation, like the conformal rescaling, discussed in this note, changes completely the
picture. Unlike classical case we still cannot identify the components of such operators, which are of
intrinsic geometric origin and distinguish them from the additional degrees of freedom (like torsion).
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